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1. INTRODUCTION
Let h be a homeomorphism of a closed two-dimensional disk D and let
Fix(h) denote the set of fixed points of h. We say that h has trivial
dynamics if the omega limit set of every orbit [hn( p)]n # Z , p # D, is
included in Fix(h). In general, the dynamics of a homeomorphism of the
disk can be very intricate and one cannot expect this simple behavior
unless additional assumptions are imposed. In this paper we shall assume
that h is orientation-preserving and that all fixed points are on the bound-
ary, that is
Fix(h)/D, (1)
and these conditions will be sufficient to guarantee that h has trivial dyna-
mics. This result depends essentially on the topology of the plane and the
proof will follow from ideas developed by Brown in [1] on homeomorphisms
of surfaces and from a classical result of Brouwer on homeomorphisms of
the plane without fixed points (see for instance [2]).
Our original motivation to obtain this result in abstract dynamics was
the study of certain periodic systems of differential equations that model
the interaction between three species in competition. They are of the form
u* i=uiFi (t, u), ui0, i=1, 2, 3, (2)
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where u=(u1 , u2 , u3) is the unknown and the functions Fi (t, u) are
T-periodic in t, decreasing in u and satisfy certain additional conditions
that will be precised later. The connection between (2) and the homeo-
morphisms of the disk comes from a reduction principle that is well known
in the literature of competitive systems [3, 4, 7]. Namely, for each com-
petitive system of the kind (2) there exists a topological disk and a
homeomorphism h such that all the dynamics of (2) can be deduced from
the study of h. Using this reduction principle, it was proved in [6] that if
(2) has no coexistence states then every solution u=(u1 , u2 , u3) satisfies
min[u1(t), u2(t), u3(t)]  0 as t  +. (3)
(We recall that a coexistence state is a T-periodic solution of (2) lying in
ui>0, i=1, 2, 3).
The condition (3) can be interpreted as a property of pseudo-extinction
and now we ask for conditions on (2) that guarantee extinction in a
genuine sense. This means that for every solution u=(u1 , u2 , u3) there
exists an index i (possibly depending on u) such that
ui (t)  0 as t  +.
In this setting, to say that (2) has no coexistence states will be equivalent
to (1) and the triviality of h will lead to the extinction of (2).
The rest of the paper is organized in three sections. The result on
homeomorphisms is stated and proved in Section 2. In Section 3 there are
examples showing the possible configurations of limit sets and why the
result of Section 2 cannot be extended to more dimensions. Finally, in
Section 4 there are sufficient conditions for the extinction of (2). Also an
example of pseudo-extinction (without extinction) is presented.
2. HOMEOMORPHISMS OF THE DISK WITHOUT
INTERIOR FIXED POINTS
Let D denote the unit disk given by
D=[z # C|z|1].
A topological disk D is a topological space that is homeomorphic to D.
The space D inherits from D a structure of topological manifold with
boundary and this fact allows to define an orientation on D. The boundary
of D will be denoted by D and the interior by int(D)=D&D. The class
of homeomorphisms from D onto D will be denoted by H(D). Also
H+(D)=[h # H(D)h is orientations preserving].
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Given h # H(D), the set of fixed points Fix(h) is never empty. This is a
consequence of Brouwer’s fixed point theorem. Given p # D, the omega-
limit set corresponding to the orbit [hn( p)]n # Z will be denoted by
L|( p, h). In a similar way L:( p, h) is the alpha-limit set.
Theorem 2.1. Let D be a topological disk and let h # H+(D) be such
that
Fix(h)/D. (4)
Then, for each p # D, the limit set L|( p, h) is a connected subset of Fix(h).
Remarks. 1. If we also assume that Fix(h) is totally disconnected then
every limit set is a singleton and every orbit converges to a fixed point. If
the limit set does not reduce to a point then it can be homeomorphic to
the interval [0, 1] or to the circle S 1. We shall show examples of both
cases in the next section.
2. The theorem has not an immediate analogue in dimensions higher
than two. Also in the next section there is an example showing that such
an extension is not possible.
3. The condition (4) in the theorem could be replaced by the weaker
condition:
For every Jordan curve 1/int(D) with 1 & Fix(h)=<, the Brouwer
degree deg(I&h, 1 ) is different from 1. (Here 1 denotes the bounded compo-
nent of R2&1.)
Notice that this condition is weaker because when (4) holds then the
degree vanishes in every interior region.
The proof of the theorem requires some concepts introduced in [1] for
homeomorphisms of surfaces without boundary.
In what follows, 0 will be an open domain in C and a homeomorphism
from 0 onto 0 (an element of H(0)) will be denoted by f.
Definition 2.2. A homeomorphism f # H(0) is free if
f p(2) & f q(2)=<, ( p, q # Z, p{q)
whenever 2 is a topological disk included in 0 with 2 & f (2)=<.
Our interest on free homeomorphisms comes from the following result,
that is inspired by [1].
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Proposition 2.3. Let f # H(0) be free. Then
L|( p, f ) & 0/Fix( f )
for each p # 0.
Proof. It is similar to the proof of Lemma 3.4 in [1]. For completeness
we give the details. By contradiction assume that q # 0 is a point in
L|( p, f ) that is not fixed. Let B be a closed ball around q such that B/0
and f (B) & B=<, since f is free the sequence [ f n( p)]n # Z can intersect B
at most once, and this is not consistent with the assumption q # L|( p, f ).
Next result gives a criterion to determine when a homeomorphism is
free.
Proposition 2.4. Let f # H+(0) and assume that 0&Fix( f ) is simply
connected. Then f is free.
Proof. It is sufficient to prove that f is free when it is restricted to
0&Fix( f ). Thus, it is sufficient to consider the case of a simply connected
domain 0 with f # H+(0) without fixed points. In this case 0 is
homeomorphic to C and the result goes back to Brouwer (see [1] or [2]).
Remark. It follows from Proposition 2.3 that a free homeomorphism
cannot have periodic points or other kind of complicated recurrent points.
However, it is interesting to notice that a free homeomorphism can have
non transversal homoclinic points. As an example consider the homeo-
morphism of the plane described in polar by f (%, r)=(%1 , r1) with
%1=%+sin2(%2), r1=r.
In this case Fix( f ) is the ray %=0 and Proposition 2.4 implies that f is
free. It is not difficult to prove that every point (%, r), with %{0, r>0, is
homoclinic with respect to the fixed point (0, r).
Our last preliminary result is reminiscent of the classical result on the
connectedness of the limit set in continuous dynamical systems. We present
it for abstract state spaces to emphasize that only general ideas of topologi-
cal dynamics are needed in the proof.
Proposition 2.5. Let (X, d ) be a metric space and f # H(X). Assume
that for some p # X, the semi-orbit [ f n( p)n0] is relatively compact in X
and L|( p, f )/Fix( f ). Then L|( p, f ) is connected.
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Proof. We start proving
d( pn , pn+1)  0 as n  , (5)
where pn= f n( p).
By a contradiction argument assume that there exists a subsequence
[ p_(n)] and =0>0 such that
d( p_(n) , p_(n)+1)  =0 .
Next we extract a subsequence of p_(n) , denoted by p7(n) , such that p7(n)
converges to some p* # X (all this is possible because the semi-orbit is
relatively compact). Since p* # L|( p, f ) the assumption implies that p* is
a fixed point. On the other hand
d( p7(n) , p7(n)+1)  =0
and this is the required contradiction because
d( p7(n) , p7(n)+1)=d( p7(n) , f ( p7(n)))  d( p*, f ( p*))=0.
Once we know that (5) holds we prove that L|( p, f ) is connected by
another contradiction argument. If L|( p, f ) were not connected there
should exist two nonempty compact sets C1 and C2 such that
L|( p, f )=C1 _ C2 , C1 & C2=<.
Let G1 and G2 be open subsets of X with
C1 /G1 , C2 /G2 , dist(G1 , G2)=&>0.
We can find n0 sufficiently large so that if nn0 then
pn # G1 _ G2 , d( pn , pn+1)<&.
Here we are using (5). Since the distance between G1 and G2 is &, the
sequence pn has to remain in one of the two sets. This is not possible
because pn should accumulate on the whole set L|( p, f )=C1 _ C2 .
Proof of Theorem 2.1. All the notions involved in the theorem are
invariant by topological conjugacy and so we can assume that the disk
is D. Define
h : C  C, h (z)={h(z)h(z |z| ) |z|
if z # D,
if z  D.
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This map belongs to H+(C) and all the circles |z|=r with r1 are
invariant. In fact they mimic the dynamics of h on |z|=1. Thus,
Fix(h )=[*z*1, z # Fix(h)].
and C&Fix(h ) is a starshaped open set. In particular Proposition 2.4 can
be applied to deduce that h is free. We now apply Proposition 2.3 to
deduce that h has trivial dynamics and therefore, for each z # D,
L|(z, h)=L|(z, h )/Fix(h ) & D=Fix(h).
The connectedness of L|(z, h) is now a consequence of Proposition 2.5.
3. THREE EXAMPLES
In this section we construct some examples motivated by Theorem 2.1.
Example 3.1. Let
D={(u, v) # R2|u|?2 , |v|
?
2= .
We construct a C-diffeomorphism of D that is orientation-preserving
and satisfies
Fix(h)=_&?2 ,
?
2&_{&
?
2
,
?
2= , L|(0, h)=_&
?
4
,
?
4&_{
?
2= .
This example shows in particular that in the conditions of Theorem 2.1
the limit set is not always a connected component of Fix(h).
We start with a C function . : R  R satisfying
(i) .(!)>0 \! # R.
(ii) for each n=0, 1, 2, . . .
lim
|!|  
|!|n .(!)=0,
and denote by s(t) the solution of the initial value problem
s* =.(s), s(0)=0.
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Figure 1
The function s is increasing with limits s(\)=\. Moreover, from the
equation s* =.(s) and (ii), s* (t)  0 as |t|  . Next we define the
parametric curve
u(t)=arctan(sin s(t)), v(t)=arctan s(t).
As t  +, v(t) tends to ?2 while u(t) accumulates on [&?4, ?4] and
the curve oscillates around [&?4, ?4]_[?2] as indicated by Fig. 1.
A computation proves that (u(t), v(t)) is a solution of the autonomous
system in the plane
u* =cos2u cos(tan v) .(tan v), v* =cos2v.(tan v). (6)
The conditions imposed on . imply that the vector field is C and the rec-
tangle D is invariant. In fact D is invariant because the points in the lines
v=\?2 are equilibria and the sets [?2]_[&?2, ?2] and [&?2]_
[&?2, ?2] are orbits determined by the solutions u(t)=\?2, v(t)=
arctan s(t) (Fig. 1).
The only equilibria in D are those on the boundary and this implies that
the system has no closed orbits in D. Let {>0 be a fixed number and
denote by 8{(u, v) the flow at time { associated to (6). Then 8{ is a dif-
feomorphism of D that preserves the orientation and
Fix(8{)=_&?2 ,
?
2&_{&
?
2
,
?
2= .
163HOMEOMORPHISMS OF DISKS
File: 505J 326508 . By:XX . Date:30:06:97 . Time:13:44 LOP8M. V8.0. Page 01:01
Codes: 1814 Signs: 879 . Length: 45 pic 0 pts, 190 mm
We show that L|(0, 8{)=[&?4, ?4]_[?2]. The orbit starting at the
origin is (un , vn) with un=u(n{), vn=v(n{). It is clear that vn=
arctan sn A ?2 where sn=s(n{). It remains to prove that the accumulation
set of un=arctan(sin(sn)) is [&?4, ?4] but this is true because sn+1&
sn= (n+1) {n{ s* (!) d!  0. The same argument shows also that L:(0, 8{)=
[&?4, ?4]_[&?2].
Example 3.2. We construct a C diffeomorphism in D that is orienta-
tion preserving and such that
L:(0, h)=L|(0, h)=Fix(h)=D.
Let 9 : [&1, 1]  R be a C function satisfying
(i) 9(!)>0 \! # (&1, 1),
(ii) 9(&!)=9(!) \! # [&1, 1],
(iii) for each n=0, 1, 2, . . .
lim
!  1&
(1&!)&n 9(!)=0.
Let r(t) be the solution of r* =9(r), r(0)=0. This function is increasing
with limits r(\)=\1. The function %(t)=11&r(t)2 satisfies
%(t)  +, %4 (t)  0, as |t|  .
The parametric curve in D, z(t)=r(t) ei%(t), winds around S 1 as |t|  
(Fig. 2).
Figure 2
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As before we construct an autonomous system in D such that z(t) is a
solution, namely
z* =9( |z| )[eiG(z)+2izG(z)2 Re[ze&iG(z)]]
where G(z)=11&|z| 2.
A computation shows that this vector field is smooth and the set of equi-
libria is S1, notice that the conditions (ii) and (iii) imply smoothness at the
origin and at the boundary. The construction now goes on in the same way
as in the previous example.
Example 3.3. We consider the cylindrical region
D3=[(z, *)z # D, * # [0, 1]]
and construct a diffeomorphism of D3 that is orientation preserving and
Fix(h)=[(0, 0, 0), (0, 0, 1)]
L|( p, h)=S1_[1] for almost every p # D3.
In this case Fix(h)/D3 but L|( p, h) & Fix(h) is empty for almost every
point.
We start with the autonomous system
z* =iz+z(1&|z| 2), z # D.
The circle S1=D is a closed orbit attracting all orbits in int(D) excepting
the origin that is an equilibrium. The uncoupled system
z* =iz+z(1&|z| 2), *4 =*(1&*), (z, *) # D3
can be integrated and the solutions have the form
z=r(t) ei(t+c), *=*(t),
where r and * are solutions of r* =r(1&r2) and *4 =*(1&*) respectively
and C is a constant. The cylinder D3 is invariant by the flow that has two
closed orbits 1i=S1_[i], i=0, 1. There is also a heteroclinic orbit con-
necting the two equilibria (0, 0, 0) and (0, 0, 1). The remaining orbits in
int(D3) go from (0, 0, 0) to 11 . Let 8t(z, *) denote the flow on the cylinder
and let {>0 be a fixed number that is not commensurable with 2?. This
guarantees that the only fixed points of 8{ are (0, 0, 0) and (0, 0, 1). In
addition, for every p=(z, *) in int(D3) with z{0, L|( p, 8{)=11 , and
therefore 8{ satisfies all the requirements.
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4. EXTINCTION FOR THREE COMPETING SPECIES
We consider the periodic system
u* i=uiFi (t, u), i=1, 2, 3 (7)
with state space R3+=[u # R
3u=(u1 , u2 , u3), ui0, i=1, 2, 3].
This system is supposed to satisfy
(h1) Fi is continuous and T-periodic in t and uiFi (t, u) is locally
Lipschitz continuous with respect to u.
(h2) Fi (t, u1 , u2 , u3) is strictly decreasing with respect to uj for
each i, j.
(h3) There exists R>0 such that
|
T
0
Fi (t, Rei) dt<0, i=1, 2, 3,
where [e1 , e2 , e3] is the canonical basis of R3.
The assumption (h2) indicates that the system is competitive, while (h3)
is equivalent to the dissipativity.
Let E denote the set of coexistence states of (7) and let Ei be the set of
T-periodic solutions of (7) such that ui #0. Thus, E=E1 _ E2 _ E3 [resp.
E] is the set of T-periodic solution of (7) lying in R3+ [resp. int(R
3
+)].
Theorem 4.1. Assume that (h1), (h2), (h3) holds and
E=<.
Then, if E1 _ E2 is finite there is extinction for (7).
Proof. We use the results in [6] and distinguish two cases:
(i) T0 Fi (t, 0) dt0 for some i,
(ii) T0 Fi (t, 0) dt>0, i=1, 2, 3.
In case (i) it was already proved in [6] that ui (t)  0 as t  + and
so there is extinction. We concentrate on case (ii).
Given ! # R3+ let u(t, !) denote the solution of (7) verifying u(0)=!. The
Poincare map is given by
P : R3+  R
3
+ , P(!)=u(T, !).
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It is well known that P determines the dynamics of (7) and, for instance,
the property of extinction can be phrased in terms of P in the following
way,
\! # R3+ _i # [1, 2, 3] : ?i (P
n(!))  0, n  +, (8)
where ?i denotes the projection on the ui axis.
Also it is known that if (h1), (h2), (h3) and (ii) hold then there exists a
topological disk D/R3+&[0] that is invariant by P and attracts all solu-
tions; this means that for every nontrivial solution u(t) there exists another
solution v(t) with
v(0) # D, u(t)&v(t)  0 as t  +.
In consequence (8) is equivalent to
\! # D _i # [1, 2, 3] : ?i (Pn(!))  0, n  +. (9)
The disk D has additional properties such as
Fix(P)&[0]/D, int(D)/int(R3+), D/R
3
+.
The invariance of D allows us to consider the homeomorphism of D
h : D  D, h(!)=P(!).
It was proved in [6] that h # H+(D). Moreover the previous properties
imply that
Fix(h)=[c(0)c # E] _ [e(0)e # E&[0]].
Since E is empty
Fix(h)=[e(0)e # E&[0]]/R3+.
In consequence Fix(h) is also included in D and Theorem 2.1 can be
applied to conclude that L|(!, h) is a connected subset of Fix(h) for each
! # D. Since E1 _ E2 is finite and therefore is also totally disconnected, there
are only two possibilities left: either L|(!, h)=[e(0)] with e # E1 _ E2 or
L|(!, h)/[e(0)e # E3]. In the first case ui (t, !)  0 for i=1 or 2 and in
the second case u3(t, !)  0. This proves that (9) holds.
Next we obtain a consequence of the previous theorem for the classical
LotkaVolterra model
u* i=ui _ai (t)& :
3
j=1
bi, j (t) uj& , ui0, i=1, 2, 3, (10)
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where ai and bi, j are continuous and T-periodic functions satisfying
|
T
0
ai (t) dt>0, bi, j (t)>0, \t # R, i, j=1, 2, 3. (11)
Let Ui (t) denote the unique T-periodic solution of the logistic equation
U4 =U[ai (t)&bi, i (t) U], U>0
and define the matrix 4=(*i, j)1i, j3 with entries
*i, i=0, *i, j=|
T
0
[aj (t)&bj, i (t) Ui (t)] dt, i{ j.
Corollary 4.2. Assume that (11) holds and the matrix 4 has at least
two different nonzero entries *i, j and *k, h with (i, j){(h, k). Then, either
(10) has a coexistence state or there is extinction.
Proof. It follows from the results in [5] that Ek is finite if *i, j {0 where
i and j are the remaining indexes; that is, i, j # [1, 2, 3], k{i, k{ j. The
result is now a consequence of the previous theorem.
To finish the paper we give an example where the pseudo-extinction
property defined by (3) occurs and there is not extinction.
Example 4.3. Define
21={! # R3+< :
3
i=1
!i=1= .
We construct an autonomous competitive system
u* i=ui Fi (u), ui0, i=1, 2, 3 (12)
with Fi # C(R3+), satisfying (h2), (h3) and such that there are no closed
orbits or critical points in int(R3+) but there is an orbit # with
#/int(21), L|(#)=21 .
Let first recall the result of Smale in [7]. Given any C map h0 : 21  20
where
20={! # R3< :
3
i=1
!i=0=
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there exists a system of the kind (12) with Fi # C, satisfying (h2), (h3) and
such that 21 is a global attractor for (12) and the equation restricted to 21
becomes
!4 =(!1!2 !3) h0(!), ! # 21 . (13)
Since all triangles are diffeomorphic it is now sufficient to find a triangle
2/R2 and a C-map h 0 : 2  R2 vanishing only on 2 and such
z* =h 0(z)
has an orbit #/int(2) that winds around 2; that is, L|(#)=2. (Notice
that this system cannot have closed orbits lying on int(2) because all equi-
librium points are on 2). We are in a situation that resembles Example 3.2
so that it will be convenient to transport the construction from 2 into the
unit disk D. Since 2 has corner points the domains are not diffeomorphic
and we must be precise about the change of variables to employ.
Lemma 4.4. There exists a homeomorphism h : 2  D satisfying
(i) h # C(2, D),
(ii) det h$(!){0 \! # int(2).
Proof. We assume 0 # int(2). Let . # C(2&[0]) be a function satisfying:
.(x)=|x| in a neighborhood of the origin,
.(x)=1 if x # 2, x } {.(x)>0, \x # int(2)&[0].
Then h : 2  D, h(x)=.(x) x|x| is the required map.
The change of variables z=h(!) transforms the system of Example 3.2
into
!4 =h$(!)&1 F(h(!)), ! # int(2).
This system has an orbit that winds around 2 and since it has not critical
points and it is two-dimensional, it cannot have closed orbits. The system
!4 =h*(!) F(h(!))
where h*(!)=det h$(!) h$(!)&1, has the same orbits but it is smooth in 2,
including the boundary. Now we define h 0=h*F(h) and obtain the
required system.
Notice that there are no closed orbits or critical points in int(R3+) for the
constructed system because 21 is an attractor and therefore they should lie
on 21 .
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